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This work deals theoretically with directional isomerism by means of a non-steady-state kinetic technique. The
head-to-tail sequence length distribution, the concentrations of head-to-head and tail-to-tail enchainments
and various dyad and triad fractions have been derived rigorously. Furthermore, the relationships between
the microstructural parameters of the resultant polymer and the polymerization variables have been
established. The chain structural parameters given in this work are different from those derived by way of
statistics as reported by Cais et al. and other authors. The kinetic theory is amenable to every stage of
polymerization with directional isomerism, whereas the probabilistic description is appropriate only for
infinite chains. When the chain length of the polymer approaches infinity, the equations given by kinetics are

simplified into those calculated from statistics.
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INTRODUCTION

The structural parameters of polymer chains, such as the
degree of polymerization and the sequence distribution,
etc., are dependent on the polymerization processes. Both
statistical and kinetic methods allow the study of these
processes. From the well established theory of chain
length distribution, we know that the probabilistic
description of condensation polymerization is simpler
and perfectly correct. However, the outcomes of the
kinetic treatment are more precise and reliable for
addition polymerization. So far as addition poly-
merization is concerned, we prefer the kinetic technique
to the probability method.

The statistical theory of the sequence distribution in
polymers has been developed by Coleman and Fox®,
Bovey et al.2*, Price* and others®®. Since chain
isomerism arises during addition polymerization, one of
the present authors'® has retreated the stereo-
configurational sequences by means of non-steady-state
kinetics for polymers generated in anionic poly-
merization, giving some significant information worthy of
mentioning here. One basically important conclusion
drawn from the kinetic theory is as follows: during a
Bernoullian process the tacticity of the polymer chains
formed remains constant; alternatively, for various
Markovian processes the stereo-regularity of the polymer
chains generated varies with the reaction time or
monomer conversion, and finally reaches a certain limit.
This theoretical prediction is confirmed by the
experimental data'!-*2. Furthermore, in our work!° all of
the structural parameters of the polymer chain have been
directly connected with the polymerization conditions, so
the chain microstructure can easily be predicted in
accordance with the reaction variables.

Recently, the non-steady-state kinetics approach to
configurational sequences has been extended to deal with
the microstructure of polydienes!3-14, and the theoretical
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conclusions have been corroborated qualitatively by
n.m.r. and i.r. data!>.

There is still another sort of structural isomerism in
polymers involving head-to-tail, head-to-head and tail-
to-tail addition of an asymmetrical monomer unit. A fine
statistical description of directional isomerism was
formulated by Meares'® more than 20 years ago. In 1983,
Cais et al.'” made a probabilistic treatment as well, and
demonstrated their application to fluorinated polymers.
Both authors!®!7 restricted their attention to infinite
chains because of the assumption of statistical
stationarity. This paper studies the same problem in
terms of the non-steady-state kinetic technique. The
expressions for various chain structural parameters
obtained are appropriate to every stage of the
polymerization, and can be simplified into those derived
from statistics when the polymer chain length approaches
infinity. It is evident that the kinetic description of
directional isomerism given in this work is superior to the
probabilistic one, especially for oligomers.

KINETIC DIFFERENTIAL EQUATIONS AND
SEQUENCE DISTRIBUTION

Some monomeric units have a sense of direction in the
polymer chains. For instance, with vinyl polymers the
monomer can add as

—CH—-CH,— and —CH,—CH—

|

X X

Such a monomer is commonly denoted by HT, in which
H means the head (the substituted carbon) and T
indicates the tail (the unsubstituted carbon). In the
polymerization of these monomers there are two different
active species and four possible types of placements,
resulting in three different chain microstructures, i.e.
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Figure 1 The reaction scheme
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head-to-tail, head-to-head and tail-to-tail structures. For
the anionic polymerization of these monomers without
transfer and termination, the reaction scheme is shown is
Figure 1. I denotes the residual concentration of initiator
and the monomer concentration [HT] is omitted; the
asterisk symbolizes the active site of the species. Here k;
and k;, are the respective rate constants for the initiating
molecules to attack the monomer producing two different
species; ky is one of the rate constants for chain
propagation, subscripts t and h indicating that the head of
the monomer adds to the growing species with
unsubstituted carbon at the chain end; k., k;, and k, have
similar meanings.

We adopt the nomenclature shown in Table I, where
P§, Q%, P¥, QF, B* and D* represent respectively the
pertinent active sequences at the chain end; P, Q,, B’ and
D’ denote respectively the relative terminated sequences
except those at the chain end. Then, the set of kinetic
differential equations adapted to the above scheme is as
follows:

dI/dt= — (k + k;,)I[HT) 1)
dP§/dt =k, J[HT] - (ky, + k) P§[HT] )
dQ/dr =k I[HT] — (ki + ki )QS[HT] )
dP¥/dt =k, PE[HT] + k, B*[HT]

— (ke + k) PY[HT] 4
dPy /fdt =k Py_[HT] - (ku + ko) PX[HT] %)
dQt/dt =k, Q§[HT] + ky, D*[HT]

— (ki + ky)QF[HT] (6)
dQy/dt =k Q- [HT] ~ (ky, + ki )O¥[HT] (7
dB*/dt= k"<Q3 +D*+ i Q,’:‘)[HT]

~ (ke + ky) B*[HT] (®)
dD*/dt= khh(Pg +B*+ i P::‘)[HT]

— (ky, + ke )D*[HT] 9)
dP,/dt=ky, P¥[HT] (10)
dQ,/dt=k,Qx[HT] (11)

dB'/dt = (ky, + k) B*[HT] (12)
dD'/dt = (kg + k,)D*[HT] (13)

d 3 PH/di=ky(P§+BY[HT]—k,[HT] ¥ P*  (14)

n=1 n=1

Kinetic theory of directional isomerism: D. Yan and X. Hu

d' Y, QX/di=ky(Qf + D¥)[HT] - k[HT] i o (15
n=1 ne=
d[HT]/dt= — (ki + ky, I[HT] — (ky, + ky)[HT]
X (Pa‘ +B*+ i P,f)

n=1

~ - +k)lHTY (08408 + 5 01) (9

The initial conditions for the set of equations are:
I|z=o=Io [HT]|:=0=[HT]0 P:>o|:=o=0

przoimo:o P;->o|:=o=0 Q;n>o|r=o=0

where I, and [HT], are the initial concentrations of the
initiator and monomer, respectively. By introducing the
following variable transformation:

x=r [HT] dt 17
0

the set of equations (1)-(16) can be transformed into a
linear one. Solving these linear differential equations (cf.
Appendix), we obtain:

ﬂ —Kj3x

5, pr=to (e e L
1 1 3

c+B k.
K. K ) (18)

Kl—
w l—c ﬂ
* ~Kyx —K3x
2% °k“‘(Kz T TR K,
l—c—B _«
4 19
K,—K.* ) 19

ﬂ —K;x l—c— B —K4x
K YRR, (20)

(4 K4 _
D=1 k| — - — % Kax
° [K (KZ(KZ—Ko “z)e

p K c+f g
+———e " —————e ™ 21
K,-K,° "K,-K,® @)
where we have put
K=k + ki,

b=kth/K2

a=ky/K,
C=k,,/K3

Table 1 Nomenclature

Notation Sequences
P} I-TH*
b I-HT*
P¥ ...HT-TH-TH-TH-TH-... TH-TH-TH*
* ... TH-HT-HT-HT-HT- ... HT-HT-HT*
P, ...HT-TH-TH-TH-TH-... TH-TH-TH-HT- ...
Q. ...TH-HT-HT-HT-HT-... HT-HT-HT-TH- ...
B* ...HT-TH*
D* ... TH-HT*
B ...HT-HT ...
D’ ...TH-HT...
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kitKl _kttK4
Kl(Kl "Ka)(K1 -Ky)

kinKz —kunKa
K,(K,-K;3)K;—K,)

al=

a2=

_ 1hktt kltkhh
B=——""—7—~
K;(K;—Ky)
Subsequently, the size dlstrlbutlon functions for the active
head-to-tail and tail-to-head sequence are derived:

pP* =Io[(1 —a)ea'Tk ,(n+1)

kttﬁ kht n _K
_ .
K,—-K;\K,-K5 ) ¢ &, -k +1)

(K —k )(C+ﬁ) k n K
* 4KITK‘; Kl—mK4 e 5Tk, -keln+1)

(22)
=10[(1 —b)cb" Ty, (n+1)

khhﬁ kth Y -K
¥ 1
+K2 “K, \K,-K, ¢ & -Kyx(n+1)

+ (Ks—k)A—c—B) < ka Y
K,—-K, K,-K,

e X Tk, ket + 1)] (23)

where

To=c & 3 &Y

i=n i!

or

Tg,(n)= f (Kx)"~! e™** d(Kx)

-1
is the incomplete gamma function.
For the terminated head-to-tail and tail-to-head

sequence and head-to-head and tail-to-tail enchainment,
the following expressions are obtained:

a" n+1
P;l=10khh{K [Ckhh(x_K—>—Cﬁ
1 1

ke cp K 3
(1-*>( +/‘)]FK’("+1)+K K3<K1+K3>

x ‘fKaxF(Kl —K3)x(n+ 1)~

K,K,—K,) \K;—-K,
xn+1
xe KT, - guln+ 1)+ (1= a)ollny e}
24

b" n+1
= t t - —-(1-
2, Ioh{ [k.(x KZ)( 0B

ki 01— [ ky Y
(1-—>(1-c B)]F"”‘("“) 2_K3(K2"K3>
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(K4—Khh)(6+ﬁ)< K )"

xe T, gt +1)— (1—ﬁ>(1 —c— /3)( k“'K )
4

+1
xn e—K;x
n!

(25)

— — — —Kt___ —Kix __
B—Iokn|:(1 c)x (K X,—K.) a1>(e 1)

o Kb ke KillmeB) e 1)}

xe KT, g xln+1)+(1=b)1 —c)ky)"

K3(K;—K3) K4 (K, ~K,)
(26)
D’ =Iokhh[cx— <R2—(K1j—4_f4—)—cx2> (e7%*—1)
K,B . Kyc+B) | _x. ]
— s 3X __ 1 e 4 _1
KK,-Ky© TR Ky )
27)

The size distribution function for the total head-to-tail
sequence is:

P,=P*+P, (28)

Similarly, for the total tail-to-head sequence, tail-to-tail
and head-to-head enchainment, we have:

0,=0r+0, (29)
B=B*+PB (30)
D=D*+D' (1)

On the basis of the equations given above, the other
microstructural parameters can be derived easily.

THE OTHER MICROSTRUCTURAL
PARAMETERS

In order to gain insight into the microstructure of
polymers with directional isomerism, we need to obtain
the various statistical moments for the growing and
terminated sequences from the corresponding sequence
size distribution functions, which are as follows:

0

%, nP? —Iokm( R )

c+p “Kex_
koK, (e 1)) (32)

3 1
L n0F=Iok ( hc(l—e‘x"‘)+ ﬁh( ~Ksx_ 1)

t

l—c—p ~Kex_
kK, (e 1)) (33)
5 P;=Iokm[—c (o x—1)—oa[a-+ (1 —a) e ]
n=1 Kl
B K
“K.-K, [c+(1—c)e ]
c+p Kb - —kox
+K1—K4 <1+K4 € 1)>:| B4



i Q:t=10kth|:1;c(knx_ 1)—otz[b+(1—b)e_’(="]
n=1 K2
+K2f [1+cle™ = —1)]
1—c B —Kex_
X, K4< + K4( K 1))] (35)

Y nP;,=10kh,<cx+i(e—khhx_l)
khh

n=1

+ (1 '—C)ﬂ (e_Kax

~1
ke )
kilc+B)  _«
_KwletB) kg
Ko —K,) )> (36)
i nQ;=10k1h<(l—c)x+ —knx_l)
n=1
B (o kl=c=p) -
— (71 Kx—1)) (37
b O Kale-K9) € )) G7)

The expressions for Y, P¥and Y2, QF have been
given in equations (18) and (19). Thus, the statistical
moments of the total head-to-tail and tail-to-head
sequences are:

n=1

Z P,,=Iokh,[(1 —a)ex+aa (e ¥*—1)

cB
Kl _K3

ki c+p —Kex
(R )] e
i nP,,=Iokm<cx—Eﬂ3—(e_K3"— 1)

n=1
C+ﬂ —Kax
+—K4 (e 1)) (39)

+ (e™%*—1)

@

Z "=IOkth|:(1_b)(l—c)x+ba2(e—sz_1)

n=1
l—c)ﬁ e K_1)
Ka

ki, A VR
(I—K—)(x Z)ern] @
i nQ,,=IOkth<(1—c)x+£(e"‘3"—1)
K;

n=1
1—c—p§ “Kex
+7K4 (e 1)) 41)

The average length of the head-to-tail and tail-to-head
sequence is defined as:

Z:O=1 nPn+Zr?o=l nQn
=55 © (42)
Zn:l Pn+Zn=1 Qn
Substituting (38)—(41) into (42), the explicit expression for
(I is derived (omitted here).
As the matter of fact, the head-to-tail and tail-to-head
sequences cannot be discriminated by experimental data,
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so we take them as one kind of orienticity sequence.
Letting f(H-T), f(H-H) and f(T-T) denote respectively
the fractions of head-to-tail, head-to-head and tail-to-tail
dyads, we obtain the following expressions:

=1 n(P + Qn
B+D+Z > (P, +Q,)

= {[ K + (ke — kin)c ] K 3K 4 x

SH-T)=

+ KBk — iy )€ ™55~ 1)
+ K[k + (ki — kg )c + B)]e 5 = 1)}/
{{Ks+ (K~ K,)c]K3Kx+ K p(K,—K,)
x (e7K*—1)
+[K,+(K;
D
B+D+Z ~n(P,+0,)
= kin[cK 3K x— K ple™* 1)
+K3(1—c—ﬂ)(e_K‘x—1)]/
{[K;+(K;—~K;)c]K3Kx+ K p(K,— K)
x (e %x—1)
+[K,+ (K, —
AT-T)= =
B+D+Y 2 n(P,+Q,)
=k [(1 —O)K 3K x+ K ple 5% —1)
+Kj(c+p)e > ~1))/

~Ko)e+PIKs™ =1}  (43)

SH-H)=

Ky)c+PIKse ™™ —=1)}  (44)

{[K,+(K; —K;)c]K;K x+ K p(K,—K,)
x (e %*—1)
+[K2+(K1—K2)(c+ﬁ)]K3(e'K“"—1)} (45)

For the sake of convenience, let C(H-TH-T), C(T-TH-T),
C(H-TH-H)and C(H-HT-T) be the respective numbers of
the four kinds of triads, and f(H-TH-T), f(T-TH-T),
f(H-TH-H) and f(H-HT-T) be the corresponding
fractions of the different triads. Then

f(H-TH-T)
B CH-TH-T)
~ C(H-TH-T)+ C(T-TH-T) + CH-HT-H) + C(H-HT-T)

(46)
f(T-TH-T)
_ C(T-TH-T)
C(H-TH-T)+ C(T-TH-T) + C(H-HT-H) + CH-HT-T)
47)

fH-HT-H)

_ C(H-HT-H)

~ C(H-TH-T)+ C(T-TH-T)+ C(H-HT-H) + CH-HT-T)
(48)

fH-HT-T)

B CH-HT-T)

~ C(H-TH-T)+ C(T-TH-T)+ C(H-HT-H) + C(H-HT-T)
(49)
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where

a0

CH-TH-T)= Y} (n—1)}P,+Q,)

n=1
=10|:[khtac+kthb(1 —C)]x—khtaal(e—l(lx _ 1)

—kbay (675 —1)

B < k& k2 > -
+—— - e x—1
Ky \K,—K; K;-K;)' )

+1 <km(0+ﬂ)+km(1 c— ﬁ)>( )]

Kl K4 4
(50)

C(T-TH-T)= Y. Q;+%B’

n=1 1

K
=Iok"[(a+b)(1 —c)x+a<cx1 —m)

x (6 ~¥1* — 1) — bay (e ¥* — 1)

B ke ) x
ax_l
"%\K-K K-k

I—c—B ke ki, -K
& _1
K, (KI—K4+K2—K4 =)

(1)
Explicitly, as shown in Figure 1, the triad (T-TH-T) arises

from the terminated tail-to-head sequence and a portion
of the terminated tail-to-tail sequence. Similarly,

ka

C(H-HT-H)= Z P+
Kz

=Iokhh[(a+b)cx—aa1(e"“"— 1)

K4 —-Kyx __
i, g )

_i kht + kt (C K3x_1)
K \K,—-K; K,—K,

+C+ﬂ kht + kth (e—K4x_ 1)
K4 KI—K4 KZ—K4

(52)

kin o, K
H-HT-T)=_"B'+_ D’
o =g, Bt X,

=1 khhkttI:(z a— b)K—
3

1 K, ) x
L T [ R |
Kl(‘ K (K, —Ky,)

N 1 ( K,
Ll K
K, \* KyK,—K,)

(Kl _KZ)ﬂ _Kax
KK, —Ky)K,—Ky & D)

1 [1—c—B c+B “Kex
+K—4(K1—K4+K2—K4)(e ’ 1)} &3

)(e”""—l)
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Tetrads and pentads can be, of course, derived from the
statistical moments as well. However, their expressions
are much more complicated than those of dyads and
triads, and are omitted here.

DETERMINATION OF VARIABLE x AND
NUMERICAL COMPUTATION

All microstructural parameters given in the preceding
sections depend on variable x. Therefore, it is important
to determine the value of x from the polymerization
conditions. From (16) and (17) we obtain:

[HT]=[HT], —IOI:[CKI +(1—-c)K,]x

K1

)
_<1_K2+(K1—K2)(c+ﬂ)>(e_m_1)} (54)
K,

Substituting equation (54) into the definition of monomer
conversion, y=([HT],—[HT])/[HT], gives:

[[CK1+(1 c)Kz]x+K—KI&ﬁ( “Kx_ 1)
3

~K)e+B)\ e
%, )(e 1)] (55)

On the other hand, the relationship between x and
polymerization time ¢ may be derived from equations (17)
and (55):

I,
~[HT],
_<1 K, +(K,y

* dx
t= ——— 56
o HT], ©o
By the aid of computer, it is rather easy to calculate the
value of x from the initial concentrations of initiator and
monomer, and monomer conversion or reaction time.

Consequently, we can estimate the microstructural
parameters of polymers with directional isomerism from
the polymerization conditions. For example Figures 2
and 3 show the dependences of the tail-to-tail and head-
to-head dyad fractions on the monomer conversion at
various propagation rate constants, which indicates that
at the start of polymerization the fraction of head-to-head
dyad declines and the fraction of tail-to-tail dyad
increases, and the fractions of both dyads finally tend to
the same equilibrium value. In contrast, the fraction of
head-to-tail dyad is constant during the whole
polymerization process, as shown in Figure 4.

The plots for the fraction of triads against the monomer
conversion, as given in Figures 5—8, indicate that except
for triad (H-TH-T) the other triads augment to various
degrees with increasing monomer conversion.

The weight distribution function of the head-to-tail
sequence, defined as

W,,=n(P,,+Q,,)/(B+D+ Y nP,+ Z nQ,,)
n= n=1

can be computed as well from the polymerization
conditions. Figure 9 demonstrates that the higher the
monomer conversion, the wider the sequence
distribution. In addition, the initial concentration ratio of
the initiator to monomer considerably affects the shape of
the sequence distribution curve, as shown in Figure 10.
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Figure 2 The fraction of tail-to-tail dyad vs. monomer conversion at
various propagation rate constants: ky =k, =102 1mol™'s™!; k; =
1.01mol™*s™!; kp=0.051mol ' s™!; I,=10"*mol17!; [HT],=
1.0mol1™%; and ky=ky,=5.0(A), 10 (B), 30 (C), 50 (D) and
801mol s~ ! (E)

E
20r
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Figure 3 The fraction of head-to-head dyad vs. monomer conversion
at various propagation rate constants. Reaction conditions are identical
with those in Figure 2

Similarly, Figures 11 and 12 illustrate respectively the
effect of the initiation and propagation rate constants on
the sequence distribution.

DISCUSSION

The dyad and triad functions have been derived by
Meares using the probability method'®. It is interesting
that the formulae reported are simply the limits of the
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Figure 4 The fraction of head-to-tail dyad vs. monomer conversion at
various propagation rate constants. Reaction conditions are identical
with those in Figure 2
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Figure 5 The fraction of triad (H-TH-T) vs. monomer conversion at
various propagation rate constants. Reaction conditions are identical
with those in Figure 2

f(T-TH-T)

0 2
0 50 100
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Figure 6 The fraction of triad (H-HT-H) vs. monomer conversion at
various propagation rate constants. Reaction conditions are identical
with those in Figure 2
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Figure 7 The fraction of triad (T-TH-T) vs. monomer conversion at

various propagation rate constants. Reaction conditions are identical
with those in Figure 2

0.2

f (H-HT-T)

0 50 100
y (%)

Figure 8 The fraction of triad (H-HT-T) vs. monomer conversion at

various propagation rate constants. Reaction conditions are identical
with those in Figure 2
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Figure 9 Curves of weight distribution for head-to-tail sequence at
various monomer conversions: ky=1031mol~!'s™!; ky,=ky=

2.0lmol™*s™1; 3 (A) y=50%, (B)y 80%, (C)y-lOO%, the others are
identical w1th those in Figure 2
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1.5

w, x10°

0 1000 2000

Figure 10 Curves of weight distribution for head-to-tail sequence at
various initial concentration ratios of initiator to monomer: y=100%;
(A) I,/[HT],=1073, (B) I,/[HT],=5x10"4,.(C) I,/[HT],=10"%;
the others are identical with those in Figure 9

Figure 11 Curves of weight distribution for head-to-tail sequence at
various initiation rate constants: y=100%; (A) kiy=041mol 1s~!;
kin=0.021mol™*s~1; (B) kj=1.01mol~!s~!; kip=0.051mol ™! s~ ?;
(©) ky=2.01mol™ ' s~ 1, kjy=0.1 1mol~! s~ !; the others are identical
with those in Figure 9

W, x10?

0 500 1000 1500
n

Figure 12 Curves of weight distribution for head-to-tail sequence at
various propagation rate constants: y=100%; (A) k=100 I mol~'s !;
(B) kn=3001mol 's™; (C) kn=5001mol s 1; (D) ky=
10% 1mol =1 s™1; the others are identical with those in Figure 9



pertinent expressions in this work:

X a+b—2ab
lim fET)=—Z—"—~ 7)
lim f(T-T)=% (59

where the fractions of head-to-head and tail-to-tail dyads
are identified with each other in the case x— co.
Similarly, for triads we have:

a*+b%—ab(a+b)

lim f(H-TH-T)= 0
X— 00 2—a_b
lim f(T-TH-T)=(0+b)(1_a)(1__b) o
X0 2—a—b
lim fHHTH)=@TDI-20=b) )
x— o 2—a_b
lim fH-HT-T)=(1—a)(1-b) ©3)

X~

As is known, the statistical description of directional
isomerism suffers from the limitation of a stationary
assumption suitable for polymers with infinite chain
length. The non-steady-state kinetic theory not only
throws comprehensive light on the whole polymerization
process without any presumptions, but also connects
the molecular parameters with the reaction conditions, so
that one can predict the chain microstructure from the
initial conditions. The experimental test of the theory will
be reported in later communications of this series.

APPENDIX 1

From equations (1}-(17) we obtain the set of linear
differential equations:

dI/dx= — (ki +ki,)I (A1)
dP¢/dx =k I — (ky + ki) P (A2)
dQg/dx= kI — (kin + k)O3 (A3)
dP¥/dx =k (P§ + B*)— (ky, + ki) PY (Ad)
dPy/dx=ky Py 1 — (kn, + kin) Py (A5)
dQt/dx =k (QF + D*)— (ky + k)T (A6)
dQr/dx=ky Q1 — ki, + kO (A7)

dB*/dX=kn<Q8‘ +D* + i Q:>_(kht+khh)B* (A8)
n=1

@K

dD*/dx = ly, <P3 +B*+ ) PI) — (ki + ky)D* (A9)

n=1
dP. /dx =k, P* (A10)
dQ,/dx=k.Ox (A1D)
dB’/dx= (ky, + ky,)B* (A12)
dD’/dx=(ky+ k)D* (A13)
d Y P¥/dx=ky(Pt+B*)—k, Y P} (A14)
n=1 n=1
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a0

d Y OF/dx=kn(Q8+D*)—k, ¥ OF (A15)
n=1

n=1

d[HT]/dx= — (kin+ ki)l — (ki +khh)(P3 +B*+ i P:>

—(km+k")<Q3+D*+ 5 Q:) (AL6)
n=1

The corresponding initial conditions become:

I|x=0=IO [HT]|x=o=[HT]o
P:>0|x=0=0 Q:20|x=O=O Q:>0|x=0=0
P;>0|x=0=0 Q;>0|x=0=0

Obviously, the polymerization system undergoes the
following constraint condition:

P{+Q¥+B*+D*+ Y Pr+ Y Q¥=I,—1 (A17)

n=1 n=1

By solving equations (A1)-(A3), we obtain:

I=1I,e %tk (A18)
Pg=—_19.lfi'—(e_(kit+kih)x_e_(kht+khh)x) (A19)
ki + ki — ki — kiy
Lokin

* _
O K+ ki — ki — ki
Combining equations (A8), (A9), (Al14), (A15) and

(A16), we obtain the set of linearly independent
equations:

(C — e +kip)x _ o~ (ken "n)x) (A20)

8}

d Y Pr/dx=kyP&—ky, Y P¥+k,B* (A21)
n=1

n=1

o0

d Y, QFfdx=ks[lo—(+P§)]—(kn+ke) 3 OF
n=1

n=1

—Iqh<B* + Z P;“) (A22)
n=1
dB/dx=ky[Io~ I+ P¥)]— (ky + ki) B*
~kn<3* + ) Pif) (A23)
n=1
Equations (A21)}-(A23) can be written as:
dY/dX =AY +{(X) (A24)
where
DI 3
n=1
Y= d
Y o
n=1
B*
- khh 0 kht
A= e kth - kth - ktt - k1h
- ktt 0 - ktt - kht - khh
kue P§
f(X)= ka[lo—(I + P§)]

ko[1o— (I +Pg)]
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The solution of (A24) is: Therefore, the solution of (A24) is the expressions (18)-
x (20). By substituting (18)-(20) into (A17), equation (21)
Y=P*C+ J PEX-SP~f(S)|dS (A25) can be derived.
0
where P e®*C is the general solution of the homogeneous
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